THE PATH OF A PROJECTILE. 


PARAMETRIC EQUATIONS OF THE PATH OF A 
PROJECTILE WHEN THE AIR RESISTANCE 
VARIES AS THE nTH POWER OF THE 
VELOCITY. 


BY PROFESSOR F. H. SAFFORD. 


(Read before the American Mathematical Society April 27, 1918.) 


THE differential equations to be solved are 
dy 


W Px W dy _ 


in which », is the velocity along the path, W is the weight of 
the projectile and K and n are experimental constants, the 
dimensions of K being W-[™-t". Obviously the X axis is 
taken horizontal, the Y axis vertically downward. 

M. de Sparre* gives a solution for n = 2, making however 
certain approximations in the early stages, and presents his 
results in two cases corresponding to the paths before and 
after the time when the slope is unity. Greenhillt treats 
with much detail the case of n = 3. 

For the general case of unrestricted n, equations (1) may 
be written 


[ dz 2 
dt’ 
Wey _ deP [day dy 
dt’ 
and next transformed by writing 


d 


(2) 


so that r and @ are the polar coordinates of the hodograph. 
If the origin is taken at the point of release of the projectile 
and a is the angle of depression, V being the initial velocity, 


* Comptes Rendus, volume 160, p. 584. 
¢ Elliptic Functions, pp. 244-53. 
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then for 2, y and ¢ all zero, r and @ become V and a respec- 
tively, also a 

(4) = V cos a, sina. 

Writing W/(gK) = S, W/K = T, equations (2) become suc- 
cessively 


(6) 
dr 
(6) = Tsind—*, Sra, = T cos 8, 
dr _ dt 
(7) Tecos@ S 
From (7) 
do T cos 
which is reducible to the linear form, giving 
H —(1/n) 
(8) r= f | sec 0. 


H in (8) is a constant of integration to be determined by the 
use of the initial conditions, i.e., r becomes V when @ is a, 
hence 


a. —(1/n) 
(9) V= | sec™*1 | sec 
or 
W a 
n+1 
(10) H aKV* cos” f sec”*! 


(It will be noticed that H is of zero dimension.) Later expres- 
sions will be simplified by the introduction of a new constant 
N, which becomes unity when a is zero, or the initial direction 
of the motion is horizontal, viz., 


N= [1 +5 sec™*1 | cos a, 
Jo 


but N need not be computed since 
(11) VN = (W/(nKH))'"". 
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The reduced form of (8) is 


1 6 —(1/n) 
(12) r= + af | sec 0. 
0 
Again from (7) 
Srd6 VN bil —(1jn) 
T cos 8 litaf sec ado | sec? 6d0. 
Combining (3) and (13), 


V2N2 —(2/n) 
dz E + i J sec | sec’ 


(13) dt= 


(14) V2N2 


1 —(2jn) 
dy = + i f sec"! | sec” tan 
0 


In (14) let tan 0 = 2, thus introducing z as the parameter 
which will appear in the final equations, whence 


2N2 —(2/n) 
dz = [1 + af (1+ yoo | dz, 
HJ, 


V2N? 


(15) 


—(2/n) 
dy = [1 af (1+ | zdz. 
0 

Integration of (15) completes the formal task of obtaining the 
parametric equations of the trajectory, equations (10) and (11) 
giving the values of H and VN respectively. The practical 
difficulty lies in obtaining expansions of the bracketed expres- 
sion in (15). 

As a preliminary it is necessary to divide the computation 
(and the path) into two parts corresponding to values of z 
less than and greater than a certain value zo, defined by 


(16) af =1, 
0 


a procedure which was suggested by a discussion in Chrystal’s 
Algebra, volume 2, page 213. The computation of 2 is by 
approximation, and if %» is less than 1 the binomial theorem is 
available. When 2 is greater than 1 the integration in (16) 
must be taken in two intervals and that from 1 to 2» effected 
by replacing z by s~ before expanding, also using 8) = zo 1. 
Let P be the bracketed expression in (15), and then 
¢(P) = [P(z) and = [Q(s)]-&™ can represent func- 
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tions in (15) in the respective intervals 0 to zo for z and 0 to 8» 
for s. Arbogast’s method of derivations (v. Williamson’s’Dif- 
ferential Calculus) is of assistance in making the necessary 
expansions especially. as the computations for the two func- 
tions are identical up to a certain stage. Following Arbogast’s 
notation closely, the work for ¢(P) is as follows: 


cae i (n—1) /2 
an 


= A+ Bz+ Cz/21+ 
P(z) = at bz+ d23i+ --- 
= P(0) + P’(0)z+ P’(0)27/2!+ P’"(0)2/3!+---, 


in which z lies between 0 and zo, and A, B, --- a, b are to be 
computed. From (17) and (18) come the successive deriva- 
tives of ¢(P), also 


a=PO0)=1, b=PO=1/H, c= 
d= P’’"(0) = (n—1)/H ---, 

A=¢(@), B=g¢'(a)-b, C=¢'(a)-c+ 
D = ¢'(a)-d + -3be + ---, 

g(@@)=1, (a) = 2(2+n)/n’, 

= — 2(2 + n)(2 + 2n)/n3 --- 

These give the desired coefficients of jai viz., 

= — 2/(nH), = 2(2 + n)/(n?H?), 
= 2(n — — 22+ + 

sceae by the aid of (16) come 


1 3 (n—1) /2 


(18) 


(19) 


(20) 


(21) 


(22) 


(23) 
1+ 
(17)* = A+ Bis— %) + C(s— 8)?/2! 
+ D(s — 
(18)* Q(s) = b(s — 8) + — 


+ d(s — --- 


1920. ] THE PATH OF A PROJECTILE. 293 


(in which s lies between 0 and 3). (Q), 9’(Q), --- are of the 
same form as ¢(P), y’(P),---. From (17)* and (18)* come 


(19)* = Q(s0) = 2, b = Q’ (80) = — (1-80?) 


A, B, C, --- in terms of G, 5, é, --+ follow from (20). From 
(19)*, 
(21)* = = — ---, 


giving finally A, B, C, --- in terms of n, 8 and H. 

After obtaining A, B, ---; A, B, +--+ it is necessary to sub- 
stitute (17) and (17)*, corresponding respectively to the first 
and second portions of the path, in (15) and then to integrate. 
It should be noticed that P(z) and Q(s») are identical, so 
that the two portions have the same slope at their common 
point. For the first portion of the path 


2 


(24) 
y= [Az?/2 + + Cx4/4-21+ Dad/5-31 - 


no constant iy integration being added as the origin is on the 
path. For the second portion of the path, using s = 1/z as 
the parameter, 


X and Y are constants of integration having the respective 
values of the two bracketed expressions in (24) when z has 
the value 2p, i.e., when s is 3, so that the two portions of the 
path join. 

It is evident that the accuracy of the observed constants 
W, K, V, n affects that of the computed constants, H, N, X, Y, 
and fixes a point beyond which the series expansions need not 
be carried, while the fact that z and y ultimately vary as V? 
shows that a given percentage of error in V gives approxi- 
mately a double percentage of error in z and y. 

UNIVERSITY OF PENNSYLVANIA, 


April, 1918. 


(25) 


= 
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INFINITE SYSTEMS OF FUNCTIONS. 


BY PROFESSOR W. E. MILNE. 


THE study of infinite systems of functions is approached in 
this paper from an elementary point of view, and by easy 
steps there are derived results of considerable generality. 
It is found that every enumerable system of real functions 
whose squares are integrable in the sense of Lebesgue either 
is orthogonal, or possesses an adjoint, or is essentially linearly 
dependent. Corresponding to every normalized system of 
functions ¢1, ¢2, ¢3, is a set of constants Ae, Az, 
where 1 = X; = 0 for every 2, with the properties: 

A necessary and sufficient condition that the system 

(a) be orthogonal is that \; = 1 for every 7, 

(b) possess an adjoint is that \; > 0 for every 2, 

(c) be essentially linearly dependent is that \; = 0 for 

some 1. 
$1. 


For simplicity the discussion is limited to real functions of 
a single real variable.* The symbol 2 denotes the class of 
all such functions whose squares are integrable in the sense 
of Lebesgue in the interval (a, 6). Functions of Q, as well 
as sums and products of such functions are integrable in (a, b). 
The word “function” in this paper will always mean a 
function of class Q, and all properties stated of a system of 
class 2 will be understood to hold throughout the interval 
(a, 6). It is assumed that the reader is familiar with the 
terms norm of a function, normalized system, orthogonal 
system, biorthogonal systems, complete systems, essential 
linear dependence (of a finite number of functions), con- 
vergence in the mean, etc. 


§ 2. 


Let there be given an enumerable system [gy] of normalized 
functions ¢1, ¢2, of class 2. First we investigate the 


* aa reader will see that the methods may be extended to more general 


Tt “Definitions of all these terms are given by Brand “On infinite systems 
of linear integral equations,” Annals of Math., ho i 14 (1913), p. 101. 
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dependence of a finite set of these functions 91, g2, ---, Gn, 
denoted by [y]™, and look not merely for a test to distinguish 
between essential linear dependence and independence, but 
for a measure of the independence, or of the nearness to 
dependence. To formulate this precisely we assume that 
$1, $2, ***, Gn are independent and ask how nearly can any 
given function ¢; of the set be expressed linearly in terms of 
the remaining functions of [¢]", where the nearness is measured 
by the integral of the square of the remainder. Then write 


(1) Fa = 9: — (C191 + + CnGn), 


in which c; = 0 and the remaining c’s are chosen to minimize 
the norm 


= 20. 


When the c’s are determined in the usual manner* and sub- 
stituted into (1) the result may be put in the form{ 


1 Seige 1 | 
(n) eee eee eee eee 
Seven 1 | 


in which G;™ denotes the gramian of [y]™ with ¢; omitted, 
and in which the non-integrated terms ¢1, ¢2, Occupy. 
the ith row of the determinant. 

This set of functions £;™ has a number of interesting proper- 
ties. For from equation (3) it is readily seen that 


(4) = 0 


if 7 is not equal to j, while 


Go 


* See, e.g., Gram, “Uber die Entwickelung reeller Pinidionsn { in Reihen 
mittelst ’Methode der kleinsten Quadrate,”’ Crelle, vol. 94 (1883), 
pp. 41-73. Byerly, “Approximate representation,’ ” Annals of Math., vol. 
12 (1911), pp. 128-148. Bécher, “Introduction to the theory of Fourier’s 
series,’ Annals of Math., vol. 7 (1905), p. 81. Brand, loc. cit. 


As usual, stands for ja 


— 
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in which G™ denotes the gramian of the system [g]". From 
(2), (3), and (5) we find 


a? 


b (n) 
©) = = 
From (5) and (6) follows 
(7) f Mdz = 
From (3), (4), and (7) we also get 
(8) = (m <n). 


From (6) and (8) we have finally 


§ 3. 

So far it has been assumed that the functions of [¢]™ are 
essentially linearly independent. If that is not the case, the 
right hand sides of equations (3), (5), and (6) may become 
indeterminate through the vanishing of both numerator and 
denominator. But the £; and A,;™ are still determinate. 
For if the function g» (m < n) is expressible linearly in terms 
of the functions of [¢]™ with ¢, and ¢; omitted, the value of 
Xs is obviously unchanged if ¢, be dropped from the set. 
Therefore in forming equations (3) and (5) we shall omit every 
function ¢» which is expressible linearly in terms of the func- 
tions (excepting ¢;) which precede ¢» in the system [¢]. 
Then equations (3) to (9) hold without exception. It is 
evident that a necessary and sufficient condition for essential 
linear dependence of [y]™ is \{ = 0 for some 7. 


§ 4 
Consider now the case of an infinite system of functions. 
From (9) it is apparent that 


(10) AM ifm<n. 


This relation, together with the fact that the \’s are never 
negative, insures the convergence of \;” for each 7 as n 


= 
= 
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becomes infinite, 
(11) lim = (i = 1,2, +++), 
where 

= 1, 2, ---). 


Recall now the following theorem of Fischer. A necessary 
and sufficient condition that a sequence of functions 61, 02, 93, 
--+ of class 2 converge in the méan to a function of this class 
is that to every positive « however small there correspond a 


number N such that f [0m — 9,)’da < € whenever m and 


n> N.* Since \; converges we see from (9) that the condi- 
tion for mean convergence is satisfied for the sequence of 
functions £;” when 7 is held fast and n becomes infinite. 
Therefore £;™ converges in the mean to a function £; of class 2. 
This system of functions [£;] has the property that 


=j, 
(12) ff ede = {9 


For, by Schwarz’s inequality, 


f — | <f — 


since ¢; is normalized. Since the right-hand side approaches 
zero as n becomes infinite we have 


b b 
f =lim dz, 


n=O /a 


from which, by (4), (7), and (11), we obtain (12). 


§ 5. 

Suppose that the system [gy] is orthogonal. Then every 
gramian is unity, hence by (6) every \;™ is unity, and there- 
fore every \; is unity. Conversely, if every X; is unity, it 
follows from (10) that every \;™ is unity, and in particular 
A, = 1. But this can be true only if 


| 1 Serge | 


1 


* Fischer, ‘Sur la convergence en moyenne,” Comptes Rendus, May 
1907, p. 1022. 
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from which we find that 


b , 
f = 0. 


Now any two functions of the system may be placed first, 
and therefore the system must be orthogonal. Therefore we 
have 

THEOREM I. A necessary and sufficient condition that a 
normalized system [yg] be orthogonal is that \; = 1 for every 7. 


Suppose next that [¢] has an adjoint system [¥]. For sake 
of symmetry we shall assume that [y] is normalized, which 
requires a slight change in the usual definition of an adjoint 

b 


system, for we simply require that the integral f gwidx be 


greater than zero instead of requiring it to be unity. Now 
multiply equation (3) by ¥; and integrate. The result is 


b 


Hence, by Schwarz’s inequality, 


from which it follows that 


b 2 
[ f | 


for every value of 7. Therefore \; > 0 for every 7. Con- 
versely if \; > 0 for every 7 the system [y] defined by the 
equations 


(13) = &/ VV = 1, 2, ---), 
is a normalized system adjoint to [y], as we see from (2) and 
(12). This proves 

THeorEM II. A necessary and sufficieni condition that a 
normalized system [¢] have an adjoint is that \; > O for every i. 

It is of interest to construct the functions ¢; and the numbers 
ui which bear to the system [y] defined in (13) the same 
relations respectively that £; and \; bear to [gy]. It is found 
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upon carrying thrpugh the computations that 
= 


and 


as might have been expected from considerations of symmetry. 
Another interesting property of the adjoint defined above 
is that of all normalized systems [y] adjoint to [¢g] none gives 


b 
greater value to the integrals [ yvia.dz than does the system 


defined by (13). For any adjoint whatever gives 


but the adjoint defined by (13) requires the equality sign only. 

Definition: A function @ is said to be expressible linearly 
in terms of a system [¢] if there exists a sequence of linear 
combinations of ¢’s converging in the mean to @. It is 
evident that the functions y; defined by (13) are all expressible 
linearly in terms of [¢]. 

Consider a system ¢2, where is any function 
of 2 and the system ¢1, ¢2, gs, --- is complete. Form the 
function &. By (12) & will be orthogonal to ¢1, ¢2, ¢3, ---, 
but as this system is complete £ must be essentially zero. 
From the definition of £)™ in (1) it follows that gp must be 
expressible linearly in terms of ¢1, go, g3, ---. This gives a 
theorem almost identical with one proved by Brand.* 

THEOREM III. If a system [yg] is complete, every function of 
class Q is expressible linearly in terms of [¢]. 

Definition: If any function ¢; of a system [g] is expressible 
linearly in terms of the remaining functions of the system, 
then [¢] is said to be essentially linearly dependent. 

If any }; is zero it is apparent that the system is essentially 
linearly dependent. On the other hand if the system is 
dependent, and ¢; is therefore expressible in terms of the re- 
maining functions, the number A; must be zero. For if it 
were equal to e > 0, we could select a linear combination 2;, 
for which 


b 
f [¢: — < 


* Loc. cit., Theorem 12. 
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Then we may take n so great that £:™ contains every function 
in 2;, and then, since \,;™ is the least norm, we must,have 
< and consequently \; < «. Hence 

THEOREM IV. A necessary and sufficient condition that a 
normalized system [gy] be essentially linearly dependent is that 
Xi = 0 for some 2. 

Theorems II and IV give 

THEOREM V. A necessary and sufficient condition that a 
system [yg] have an adjoint is that it be essentially linearly 
independent. 


Tue UNIVERSITY OF OREGON, 
November, 1919. 


ON CERTAIN RELATED FUNCTIONAL EQUATIONS. 


BY DR. W. HAROLD WILSON, 


(Read before the American Mathematical Society December 27, 1917.) 


$1. Introduction. 


Tuis paper treats of the relationships which exist between 
certain functional equations. In § 2, the equations 


(1) — y) = S(x)C(y) — C(z)S(y), 
and 
(2) — y) = — PS(x)S(y) 


are considered individually and as a system. It is shown that 
(1) and (2) have their solutions in common if C(z) is an even 
function and S(z) #0. As a consequence, it is shown that 
if k + 0, then 


= [F(x) — F(— 2)]/2k, and C(x) = [F(x) + F(— 2)]/2, 
where F(z + y) = F(z)F(y). Ifk = Oand S(z) $ 0, C(z)=1 
and 

+ y) = + SQ). 
The work at this point is very closely allied to that of 


= 
= 
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Jensen* on the system of equations 
y) = + C(~)S(y), 
Cia + y) = C(z)Cly) + 2S(z)S(y). 


This system with c? = — 1 has been discussedf by Tannery, 
Osgood, and Van Vleck and H’Doubler. 

The equation satisfied by F(x) has been discussedt by 
Cauchy, Vallée Poussin, Van Vleck and H’Doubler, and 
others. The solution analytic over the complex z-plane has 
been shown to be F(x) = e**, where c is an arbitrary constant. 
Vallée Poussin (loc. cit.) has shown that if F(z) is bounded 
in an interval (0, €) along the real axis, the solution when z is 
real is e*, where ¢ is an arbitrary constant. It follows, 
therefore, that if F(x) is bounded in an interval (0, €) along 
the real axis and in an interval (0, e’) along the axis of imag- 


inaries, and if = u-+ »V— 1 where wu and » are real, then 
F(x) = F(ut+ oV— 1) = F(u)F(oV— 1) = 


where ¢ and d are arbitrary constants, since g(v) = F(» v— 1) 
also satisfies the given equation. The solution continuous 
along any line in the complex z-plane also takes the last named 
form. 

The equation S(z + y= S(x) + S(y) has been discussed 
by many writers of whom we may mention§ Cauchy, Darboux 
and Vallée Poussin. ‘The solution S(x) analytic over the 
complex x-plane is S(x) = cx, where c is an arbitrary constant. 
The solution bounded in an interval (0, €) on the real axis 
and in an interval (0, e’) along the axis of imaginaries is, if 
z= u+vvV— 1 as above, S(xz) = cu + dv, where c and d are 
arbitrary constants. The solution continuous along a line in 
the complex z-plane also takes this last form. 

Andrade]| has found the continuous solution of 


(3) Cia t+ y) + Cie — y) = 2C(@)C(y), 


* Tidsskrift for Mathematik, vol. 2, ser. 4 A tg By . 149. 

{ Tannery, Fonctions d’une Variable, 1886, p. 147. Osgood, Lehrbuch 
der Funktionentheorie, 1912, p. 582. Van Vleck k and H’Doubler, Trans- 
actions Amer. Math. Society, Ey 17 (1916), p 

Cauchy, Cours d’Analyse Caner 5. Vallée Poussin, Cours 
a infinitésimale (1903), p. 30. Van Vleck and H’Doubler, loc. 


cit. 

‘backs, loc. cit. Darboux, Math, Annalen, vol. 17 (1880), p. 56. 
Vallée Poussin, loc. cit 

|| Bulletin de la Société Math. de France, vol. 28 (1900), p. 58. 
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when z and y are real, by the use of integrals. Carmichael* 
has shown that equations (3) and ” 


(4) CO)=1, 
to which all equations of the form 
Cia + — y) = C(z) + Cy) — m¥ 0, 


can be reduced by the substitution C(x) = C(0)C(z), have 
their uniform analytic solutions in common if C(0) + 0 in (8). 
In § 3 it is proved that all solutions of (3) and (4), except the 
trivial solution C(z) = 0 of (3), are common. It is then 
proved that (3) and (4) have their solutions in common with 
the solutions of the system (1) and (2), where S(x) is intro- 
duced in the discussion of (3) and (4) by the definition 


S(x) = — b) — C@+ d)) 


and is chosen to be not identically zero unless C(x) = 1. 
Carmichael (loc. cit.) also discussed the uniform analytic 
solutions of 


(5) S(z + y)S(a@ — y) = S*(x) — S*(y). 


The periodic solutions of equations (4) and (5) were discussed 
by Van Vleck and H’Doubler (loc. cit., page 30), with the added 
relation C?(x) + S*(z) = 1. In §$4 no relation is assumed 
between the functions of (4) and (5) but it is proved that S() 
and C(x) defined by the relation C(x) = $[S(x + a)—S(x—a)], 
where S(a) + 0, satisfy equations (1) and (2). 

In §§ 5, 6, 7, the equations 


(6) + y) — gz — y) = 2S(@)SY), k+0, 


(7) fat y) — y) = 2f(x)Cy), 
and 
(8) y) — — y) = 2C(z)S(y) 


are discussed and their relationship with the preceding equa- 
tions is exhibited. 
Finally, in § 8, the general equation 


aF (x + y)F(x — y) = Bo(ux) + yW(ny) + 6 
(a, B, y + 0), 
* American Mathematical Monthly, vol. 16 (1909), p. 180. 


(9) 


= 
= 
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is discussed and its relation to the preceding equations is 
exhibited. This is analogous to Pexider’s* generalization of 
the Cauchy equations. 

It should be noted that the theorems of this paper are inde- 
pendent of the restrictions which may be imposed to obtain 
particular solutions of the equations. 


§2. Equations (1) and (2). 


TueorEeM I. If S(x) and C(x) satisfy equation (1) and 
S(a) + 0, then the odd component of C(x) is a constant multiple 
of S(x), and S(x) and the even component E(x) of C(x) satisfy 
equations (1) and (2) simultaneously, where 
E*(a) — E(O) 

S*(a) 


Interchange zx and y. Then 


that is, S(x) is an odd function and S(0) = 0. Discarding 
the trivial solution S(z) = 0, there is some value a of x such 
that S(a) + 0. 

Let C(x) = E(x) + O(x), where E(x) is even and O(z) 
is odd. Equation (1) becomes 


S@—y) = S@EY)+S@0y) — E@S(y) — O@)SQ). 


Replace x by — x and y by — y in (1’) and add the equation 
thus obtained to equation (1’). Then 


S(x)O(y) — O@)S@) = 0. 


2 = and S(a) + 0. 


If y =a, 
O(z) = S(z). 
Equation (1’) now becomes 
— y) = S@E) — E@S@), 
E(z)S(y) = S@)E(y) — — y). 


* Monatshefte fiir Mathematik und Physik, vol. 14 (1903), p. 293. 


whence 


— 
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Now replace z by z — y and y by a. 
E(x — y)S(a) = — y)E@) — S@— y— a) 
= [E(a)S(z) — — a)JE(y) 
— [E(@)E(z) — E(x — a)|S(y) 
= S(a)E(x)E(y) — [E(a)E(x) — E(x — a)|S). 


Interchange z.and y and compare the equation so obtained 
with the last equation. It is obvious that 


[E(a) E(x) — E(x — a)|S(y) = [E@)EQ) — Ely — a)]S(z). 
Lety =a. Then 
E(a)E(z) — E(a — a) = F’S(a)S(z), 


where 
_ — E(0) 


S?(a) 
Therefore 
E(x — y) = E(x) E(y) — PS(z)S(y). 

TueoreEM II. If S(x) and C(x) satisfy equation (2) and if 
C(x) + constant, then k + 0, S(x) #0, and S(x) and C(z) 
satisfy equations (1) and (2) simultaneously. 

Interchange x and y. Then 

that is, C(x) iseven. If S(x) = 0 or if k = 0, then 
+ y) = C(x)C(— y) = C@)CYy) = C(x — y) 
and if y = z, 
C(2z) = C(0), 


that is, C(x) is identically constant (0 or 1). Setting aside 
this trivial case, k + 0, there is some value a of z such that 
S(a) + 0, and there is some value 6 of x such that C(b) + 0. 

Set S(x) = E,(x) + O1(x), where E(x) is even and 0,(z) 
is odd. Equation (2) becomes 


Cla — y) = — [Ei Ex(y) 
+ Ex(x)Ox(y) + Ex(y)01(x) + 01(2)01(y)]. 
Replace z by — z and y by — y and subtract the equation so 


= 


1920.]. CERTAIN RELATED FUNCTIONAL EQUATIONS. 305 


obtained from the last equation. Then 
E;(x)0:(y) + Ex(y)01(z) = 0. 


If 0i(x) = 0, then, as above, C(x) = constant. Discarding 
this trivial case, there is some value @ of x such that 0;(a) + 0. 
Letz=y=G. Then 


2E,(@)01(4@) = 0 
whence E,(@) = 0. 
Now let y = G and let z vary; 

0:1(@)Ex(x) = 0 
whence E,(z) = 0 


and S(zx) is odd and S(0) = 0. In (2) let y= 0 andz=b. 
Then C(0) = 1 and hence if y = z in (2), 


C?(a) — = 1. 
Replace y by — y in equation (2). Then 
Ca t+ y) = C(x) + HS(z)S(y). 
Now replace x by x + a and y by a in equation (2); 
k?S(a)S(x + a) = C(a)C(x + a) — C(z) 
= (°(a)C(x) + C(a)S(a)S(z) — Ce) 
= [C°(a) — 1]C(z) + PC@)S(@)S() 
= + 


whence S(x-+ a) = S(a)C(x) + C(a)S(z). 
Finally, replace x by x — y and y by a in equation (2). It 
follows that 


(a)S(z — y) = C(a)C(@ — y) — C@—y— a) 
= C(a)C(z) Cy) — PC(a)S(z)S(y) 
— C(x) + a) + + a) 
= + a) — C@)S)] 
— C@)ICYy + a) — 
= — PS(a)C(@)S(y). 
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Therefore 
— y) = — C(x) Sy). 
THEOREM III. Suppose that S(x) and C(x) satisfy equations 
(1) and (2) simultaneously. If k + 0, 
F(z) — F(— 2) 
2k 


where F(x + y) = F(x)F(y). If k = 0, and S(x) $= 0, 
S(a+ y) = S(x) + S(y) and C(x) = 1. 


By interchanging z and y, we see that S(x) is odd and C(z) 
iseven. Replace y by — y. Then 


S@t+ y) = + C@Sy), 
Cia + y) = C(x)C(y) + PS(a)S(y). 
The function F(x) = C(x) + kS(z) satisfies the equation 


y) = F(z)F(y). Now F(— 2) = C(x) — kS(x) and 
therefore 


C(a) = HF@) + F(—2)) and = 1F(@) — F(- 


if k + 0. 

If k = 0, we have seen from equation (2) that C(x) = C(0). 
If S(x) = 0, then by equation (1) C(z) #0. But if y= 0 
in equation (2), C(x) = C(z)C(0) whence if C(b) +0, 
C(0) = 1 and (1) becomes S(z — y) = S(x) — S(y). Replace 
yby —y. Then S(z+ y) = S(x) + S(y). 


_F@) + F(- 2) 
2 


S(z) = and C(z) 


§3. Equations (3) and (4). 


THEOREM I. If C(x) satisfies equation (3) and jis not 
identically zero, then it satisfies equation (4), and, conversely, 
if C(x) satisfies equation (4), then it satisfies equation (3). 

Since, by hypothesis, C(x) $= 0, there is some value b of x 
such that C(b) +0. If in (3) x = 6, y = 0, then C(O) = 1. 
If in (3) y = 2, 

C(2x) = 2C*(x) — 1. 


Replace by x-+ yandybyz—y. Then 
2C(a + y)C(a — y) = C(2z) + C(2y) 
= 2C?(x) + 2C*(y) — 2. 


— 
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Therefore C(x) satisfies equation (4) if it satisfies equation (3) 
and does not vanish identically. 

In (4) lety=2. Then 

C(2x) = 2C*(x) — 1. 
Multiply equation (4) by 2 and apply the last equation. 
Then 
2C(a + y)C(x — y) = C(2x) + C(2y). 
Replace 2x by x + y and 2y by x — y. It follows that 
Cia + y) + C(x — y) = 2C(a)Cly), 

that is, C(x) satisfies (3) if it satisfies (4). 

THeoREM II. If C(x) satisfies equation (3) or equation (4), 
then C(x) and S(x) = $[C(x — b) — C(x+ b)], where b is so 


chosen, when possible, that C(2b) +1, satisfy equations (1) 
and (2) simultaneously, where, if 


SQ) #0, 


— 1° 


If C(z) =0 or C(x) =1 the theorem is obvious. Dis- 
carding these trivial solutions, it follows that b can be so 
chosen that S(x) = 0. For, if S(z) = 0, C(2 + 6) = C(x—b), 
that is, C(2b) = C(0) = 1. But since C(x) #1, there is 
some value 2b of x such that C(2b) + 1. 

If in (3), x = 0, C(— y) = C(y). Furthermore 


28(— x) = C(— — b) — C(— b) 


= C(x+ b) — C(x — b) = — 28(z). 
Now 


Si@+y)—S@—y) 
— 
= — b) — + 
= 2C(x)S(y). 


Subtract this equation from the equation obtained from it by 
interchanging x and y. Then 


S(a — y) = S(x)C(y) — Sy). 
Since S(x) + 0 and C(z) is even, then by Theorem I, § 2, 


— 
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S(x) and C(x) satisfy equations (1) and (2) simultaneously, 
where 
_ Ca) —1 
S(a) + 0. 
But 
S*(a) = }[C?(a — b) + C?(a + — 2C(a — b)C(a + 
= }[C(a — b) + Cia + b)P — Cia — b)Ca+ 
= (*(a)C?(b) — C?(a) — C?(b) + 1 
= [C’°(a) — 1][C°(6) — 1]. 


Therefore 
1 2 


~ 0%(6)— C(2b) — 1° 
The converse theorem is proved by adding C(x + y) and 


C(x — y), given by (2), from which it follows that C(x) satis- 
fies (3), whence if C(x) + 0 it satisfies (4). 


$4. The Equation (5): S(x+ y)S(x — y) = S*(x) — Sy). 


Discarding the trivial solution S(z) = 0, suppose a is a 
value of x for which S(a) + 0. Since S(x)/m (where m is any 
constant different from zero) satisfies equation (5), we may 
suppose that S(a) = 1. 

TuHeoreM. If S(x) satisfies equation (5), then S(x) and 
C(x) = 3[S(a + a) — S(x — a)] satisfy equations (1) and (2) 
simultaneously, where k? = C?(a) — 1. 

Interchange z and y. It follows that S(2+ y)S(y — 2) 
= — y)S(rx—y). Replacex+ y by aandz — ybyz. 
Then S(— xz) = — S(z). Now ' 


2C(— z) = S(— z+ a) — S(— x—-a) 
= — — a) + + a) = 2C(2). 


Moreover C(0) = 1. .From equation (5) it readily follows 
that 
= Set = *) _ 
and 


S(z— y) = S(x— y)S(a) = 


= 
= 
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Therefore 
+ y) + — y) = S@Sy + a) — S@)S¥y — a) 
= 28(x)C(y). 
Interchange x and y and subtract the equation thus obtained 
from the last equation. Then 
S(@ — y) = S@)C(y) — C(a@)S(y). 


The hypothesis of Theorem I, § 2, is fulfilled. Since C(z) is 
even the functions S(x) and C(z) satisfy equations (1) and (2) 
simultaneously. 

To prove the converse theorem when S(zx) + 0, let us 
observe that if y = x in (2), C?(x) — k°S?(x) = 1, whence 


— y) = — C(x) 
= — S*(y), 
that is, S(x) satisfies equation (5). 


§5. Equation (6). 


THEOREM. [If g(x) and S(zx) satisfy equation (6), then S(zx) 
satisfies equation (5) and g(x) can be so chosen that (by the 
addition of a constant) g(2x) = 2k*S*(x) + 1. 

If S(x) = 0, g(2x) = g(0). Setting aside this trivial solu- 
tion, it may be assumed that S(a) + 0. Im fact, if S(a) = m, 
a new value of k may be chosen so that S(a)= 1. Ifr=a 
and y= — y, S(-- y) = — S(y) and S(0)=0. If x=0, 
then g(— y) = g(y). Since g(x) = g(x) + g(0) — 1 also satis- 
fies (6), we may assume g(0) = 1. If y = 2, then 

g(2a) = 2k?S*(x) + 1. 
Now in (6) replace x by z+ yandybyz—y. Then 
t+ y)S@ — y) = S(a) — Sy), 


that is, S(x) satisfies (5). 


§ 6. Equation (7). 


THEOREM. Suppose the functions f(x) and C(x) satisfy 
equation (7) and f(x) #0. If f(x) is not an odd function, its 
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even component is a constant multiple of C(x), and C(x) satisfies 
equation (3) and is not identically zero. If f(x) is not an even 
function, C(x) and the odd component S(x) of f(x) satisfy “equa- 
tions (1) and (2), where 


S(a@) + 0. 


If f(z) = 0, we may assume that f(a) = 1. Let x= a and 
replace y by — y. Then C(— y)=C(y). Letty=0,2=a. 
Then C(0) = 1. Hence C(x) #0. Let f(x) = Ci(x) + S(z) 
where C;(z) is even and S(x) is odd. Then 
[Ci(z + y) + — y)] + (S@+ y) + — y)] 

= 2C;(z)C(y) + 28(x)C(y). 


Add this equation to the equation obtained from it by replacing 
xby —zandyby—y. Then 
Cia + y) + — y) = CY). 


Interchanging z and y, it is obvious that C,(x)C(y) = Ci(y)C(a). 
If y= 0, C(x) = k,C(x) where k; is a constant. Substi- 
tuting this value of C,(z), it is at once apparent that C(z) 
satisfies (3), ifk, +0. If k, = 0, Ci(x) = 0 and f(z) = S(z). 


But 
S@t+ y) + S@— y) = 
Interchanging xz and y and subtracting the equation thus 
obtained from the last equation, 
S(z — y) = — C@)S(y). 


Therefore, by Theorem I, § 2, S(x) and C(x) satisfy (1) and 
(2) simultaneously. 


§7. Equation (8). 
THeEorEM. [If the functions S(x) and C(x) satisfy equation 
(8) and S(x) += S(O), they satisfy equations (1) and (2) simul- 
taneously, where 


_C@-—1 
S(a) + 0. 


If S(z) = S(O), C(x) = 0 and there is a value b of z such 
that C(b) +0. Let x=b and replace y by —y. Then 


—= 
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S(— y) = — S(y), and S(0)=0. Let y=a and replace 
x by — 2, where a is chosen so that S(a) + 0. Then C(— 2) 
= C(z). If y= aand x= 0, C(0) = 1. Subtracting equa- 
tion (8) from the equation obtained from it by interchanging 
x and y, we have (1), whence by Theorem I, § 2, (x) and C(z) 
satisfy (1) and (2) simultaneously. 


§8. A General Equation. 
The equation proposed for consideration is 
(9) aF(x+ y)F(@— y) = + +4, y +0. 


Ifz=y=0, 


aF*(0) = Be(0) + + 8. 
Now if y = 0 


Bo(ux) = aF?(x) + Be(0) — aF?(0) 
and if x = 0 
= aF(y)F(— y) + v0) — aF?(0). 
Therefore 
y) = P(a) + y) — FO). 


Case I. F(O) = 0. 

Let y= 2. Then F(x)F(— x) = — F*(x) and F(z) satis- 
fies equation (5). 

Case Il. FO)=k& +0. 

Let F(x) = kC(x) + S(x) where C(z) is even and S(z) is 
odd. Now 


+ — y) + + y)S(z — y) 
+ + y)S(a — y) + — y) + y) 
= K?C?(x) + 2kC(x)S(x) + S*(x) + PCy) — Sy) — 


Subtract from this equation the equation obtained by replacing 
xby —xandyby —y. Then 


+ y)S(a — y) + Cie — t+ y) = 2C(a)S(@). 
Let y= 2. Then 
S(2a) = 2C(x)S(x) = y) + C@— 9). 


= 
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Replace 2x by z — y and 2y by z+ y. 

— y) = S(a)C(y) — 
If y is replaced by — y, 

S@+ y) = S@)C(y) + C@)SQ). 


a? 


Therefore 
y) — — y) = 
= §(2x)S(2y). 
Replace 2z by x + y and 2y by x— y. Then 
S(a+ y)S(e — y) = — 
Substituting the relations found, it follows that 
Cat yCa@—y) = Cy) -1, 


that is, the odd component of F(z) satisfies (5) while the even 
component (except for the factor F(0)) satisfies (4). 
Srare University or Iowa, 


THE EQUATION ds? = dz’ + dy’ + dz. 
BY PROFESSOR E. T. BELL. 


1. THIs equation,* being of geometrical importance, has 
attracted several writers, including Serret (1847), Darboux 
(1873, 1887), de Montcheuil (1905), Salkowski (1909), Eisen- 
hart (1911), and Pell (1918). The simple parametric solution 
of de Montcheuil, which is the starting point of considerable 
work in differential geometry, was not noticed by Serret or 
Darboux. It is somewhat remarkable that the latter over- 
looked this solution, as he himself makes use (Surfaces, 

* Full references to earlier writers are given by Eisenhart, Annals of 
Math. (2), vol. 13 (1911), pp. 17-35. Pell’s paper will be found ibid. (2), 
vol. 20, pp. 142-148. The substance of the present note, with the exception 
of section 8, is from an unpublished A.M. thesis, presented to the Uni- 
versity of Washin gton in 1908, dealing with the general algebraic problems 


on which solutions of this kind depend. I wish to emphasize that § 8 
was written only after I had read Pell’s paper. 


December, 1919. 
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volume III, § 584, page 11) of the ‘ élégant artifice de calcul ” 
upon which the solution ultimately depends. Pell’s recent 
solution follows from the same source. Here, without going 
into the theory of such equations of any degree which may be 
similarly solved, we shall merely show that the solutions of de 
Montcheuil and Pell are contained in another, from which 
any number of solutions of the same kind, viz., free from 
quadratures, may be found by inspection. Some of these 
may possibly be of use in geometry as are the known solutions. 

We remark, however, that this equation is the simplest of a 
very wide class, to which the device given below is applicable. 
For the gist of that device lies in finding a rational integral 
algebraic function of several variables which reproduces itself 
in form with respect to multiplication, and the simplest such 
function, as remarked in 1202 by Fibonacci, is a sum of two 
squares. From one point of view the next simplest cases are 
Euler’s four-square, and Degen’s eight-square theorems. 
In connection with differential equations, Euler’s theorem is 
of particular interest at the present time, giving, as will be 
shown elsewhere, a simple parametric solution of the funda- 
mental equation in the Einstein-Grossmann theory of gener- 
alized relativity and gravitation. 

And to call attention to an algebraic problem of importance, 
we may mention that the next and much more difficult class 
of differential equations solvable by algebraic methods analo- 
gous to that illustrated here, depends upon those algebraic 
forms which are transformable into a power of themselves 
by an algebraic substitution on the variables. The finding 
of all such forms, as was strongly emphasized by Eisenstein, 
is of the first importance arithmetically. Beyond a few 
isolated functions, such as the discriminant of a binary cubic 
(Eisenstein), and the Hessian of this discriminant (Cayley), 
little progress has been made toward a complete solution. 
The problem on several occasions attracted Cayley. It 
seems singular that arithmeticians have ignored Eisenstein’s. 
lead, especially after the beautiful uses which he made of his 
own result in his investigations on the binary cubic repre- 
sentations of integers. The principal object of this note is 
to attract attention once more to this problem, in showing 
that even its simplest solutions are also of use elsewhere. 
We may add that the algebraic problem seems to present 
great difficulties. 
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2. Fibonacci’s result gives the identity 
(1) (ay — BY)? + (ap + By)? = (ag + BY)? + (of — Bo)’. 
Hence a solution of 
(2) ds? = dz? + dy? + d2 
is given by, = 1), 
8s = — BY)dt, r= + BYy)dt, 
y= + By)dt, 2= — By)dt, 


in which a, 8, ¢g, Y now denote functions of a parameter t, 
arbitrary except as to obvious restrictions of analyticity in 
some domain. 

3. For most purposes it is desirable to have (3) free from 
quadratures. Let f denote an arbitrary function of ¢t, and 


(3) 


f', «++, its successive t-derivatives. Then it is clear 
that, on repeated integrations by parts, 


wherein c } n is an integer > 0, is readily reducible to a form 
free from all integral signs. Thus 


Sf'"@dt ef” the 2¢f’ 4. 2f, Sf’ tdt 


etc., and it is unnecessary to write out the general formula. 
Hence if g is a polynomial of degree n — c in t, f f™gdt is at 
once reducible to a form free from quadratures. 

Applying this remark to (3), we choose for a, 8 polynomials 
in t of respective degrees a, b, and replace y, y by y™, 
gt”, where c denotes the greater of a, b, or if a = b, either; 
a, b, m, n are integers > 0, and ¢, y arbitrary functions of t, 
analytic in some domain. Upon performing the integrations 
by parts as indicated, (3) is reduced to a form free from quad- 
ratures. If in the result only derivatives of either function 
¢, ¥ appear, an obvious change of notation will reduce the 
solution to one containing ¢, y and their successive derivatives. 
Or this reduction may be obviated in the first place by assign- 
ing either a, b or m, n in advance, and noting by inspection 
the least values for the unassigned pair which will give a result 
of the desired kind. 

4. A slightly different way of obtaining solutions free from 
quadratures depends upon the following obvious remark. 


= 
= 
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Write 
a= Af™, p= Big, 
=] 


and g = P, y = Q, where A,, B,, P, Q are polynomials in t of 
respective degrees m,, ns, p, q, and f, g are arbitrary functions 
of t. Then each of ag + By, af + B¢ in (3) is of the form 


r= 


wherein A,, B, are polynomials in ¢, some of which may reduce 
to constants, whose degrees are linear functions of the m,, ns, 
p, q- Obviously for either the a,, b, or the m,, ns, p, q pre- 
assigned, the other set of values may be assigned by inspec- 
tion (in any infinity of ways) so that, as in § 3, the values of 
a, B, y, y above given furnish an infinity of solutions of (2) 
free from quadratures. 

5. To illustrate § 3, we choose a = 1, 8 = ¢ in (3), at the 
same time replacing ¢, y by ¢”, ¥’’. On integrating the 
resulting forms of (3) by parts as indicated, we find 


r= 
w=o-t’—-y, 2=9-t’+Yy, 


which is de Montcheuil’s solution. Discussions of the gen- 
erality of this solution, with applications to geometry, will 
be found in the papers of de Montcheuil, Salkowski and 
Eisenhart. 

6. In illustration of § 4 it is seen at a glance that 


g=pitta 
B = (oat + + = pat + 


where the a:, Bi, Yi; pi, Gi (1 = 1, 2) are independent of f, 
give a solution (3) free from quadratures. On performing the 
integrations by parts we get such a solution involving the ten 
arbitrary constants a1, ---, g2; and on assigning special 
values to these constants an infinity of solutions. One of 
the latter is Pell’s. Instead of directly assigning the values 
of a, -- +, G2 which give Pell’s solution, we shall briefly examine 
the more general solution, showing by other means that it 
actually contains Pell’s. 


(5) 


— 
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7. Substituting the values (5) in (3), reducing the ag + By, 
ay + Be to the form (4), and integrating by parts, we get 


6) s= (Ai? + Bit+ — (241+ 

+ 2Aif + (Kit + — Ky, 
and precisely similar forms for x, — iy, z with the respective 
suffixes 2, 3, 4 in place of 1, where the twenty constants 
A, --+, are as follows: 

A; = api — Q2pr2, Bi = ong: — a292 + Bipi — Bopo, 
Ci = Bigi — Bog, 
Ag = — Bs = — 0291 + Bipe — Bop, 
Cs = Bige — Bog, 
and the rest are obtained from these thus: the letters with 
suffix 2 from those with suffix 1 by changing all the signs to +, 
similarly for those with suffix 3 from 4; K;, L; from A;, C; 
respectively on replacing a by y, B by y respectively (2 = 1, 
2, 3,4). From these twenty constants we find by a straight- 
forward calculation that a necessary and sufficient condition 


that four functions of the form (6) shall give a solution of (2) 


is that the following indeterminate system of twelve equations 
be satisfied : 
A’ + A? = A? + AZ, 


in which A represents A, C, K or L; 
+ MsZs = + 
where (A, Z) = (A, B), (B, C), (C, L), (K, L), or (A, K); 
A;C3) = BP + Be+2(A2C2+ 
BiKit B3K3 = Bika, 
By,L,+ CiKi+ BeKot+ Bulut C2K2+ Cal. 


The similarity of these conditions to those occurring in the 
Gaussian theory of the composition of binary quadratic 
forms is noticeable, and may be traced to the common source 
that the norm of an algebraic integer, here quadratic, is self- 
reproductive in form with respect to multiplication. By 
various artifices the set of twelve can be reduced to more 


= 
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elegant forms; but as the interest of these is chiefly arith- 
metical, we pass them over. 

8. It is easily seen that the indeterminate set of $7 is 
satisfied by 


A, = B} = C,=0; K, = 0, i, = 1; 
B=0, K=-1; L=0; 
B:=0, Cs=%3; Ks=1, 
A,= 0, B,=1, C,= 0; K,= 0, I,= 1. 
Putting these in the set (6), we get a particular solution 


of (2), 


, 


which is Pell’s solution. 

9. The extension of solutions of this kind to those con- 
taining any number of constants connected by sets of identi- 
ties is immediate and need not be followed farther here. But 
we may briefly consider why it is possible, from the present 
point of view, to find solutions of (2) free from quadratures. 
A little consideration will show the ultimate source to lie in 
the fact that in (3) the integrands are bilinear in (a, 8), (¢, y). 
This in turn is referable to the fact that Fibonacci’s identity 
is the simplest case of Lagrange’s theorem, viz., the norm of 
any algebraic integer reproduces itself with respect to multi- 
plication. In Fibonacci’s identity the integer is quadratic; 
taking the simplest case in a cubic field, we find, in exactly 
the same way, solutions free from quadratures for 


da? + dy’ + dz — 3dadydz = dX* + dY* + dZ* — 3dXdYdZ, 


the differential form on the left being the norm of dz + wdy 
+ w’dz, where w is a complex cube root of unity. Until such 
equations present themselves in geometry or elsewhere there 
is little use in writing out their solutions. But we may 
glance at a trigonometric device which frequently is applicable 
when the integrands are quadratic. It is of interest in the 


318 THE EQUATION ds? = dz? + dy? + dz’. [ April, 


simplest case because it leads to a famous solution due to 
Euler, also to the solution of a special case (constant coef- 
ficients), of an important equation considered by Weingarten 
and others. It is interesting to note that these solutions 
correspond to Lagrange’s theorem for the general quadratic 
integer, so that in a sense they are generalizations of (2), 
which depends upon a special quadratic integer, viz., the 
complex unit 7. 

10. For a, b, k constants, y, y arbitrary functions of t, we 
have the identities 


S + Fe’) sin ktdt = 9” sin kt — ke’ cos kt, 
S + cos ktdt = cos kt + kg’ sin kt, 
+ apy + by)’ = & + abv + bY’, 


where — by’, VW = + ay’. Hence, on putting 
a =f’ + 4f’, where f is an arbitrary function of t, and 


= Va sin t, Va cost, 
we find, on integrating by means of the first identities, that 
the solution of 
ds? = du? + adudv + bdr 
apy + by)dt, 
u=JS(e—bY)d, v= ap)dt, 


given by 


is 
23s = 4(b + 1)f + [2(6 — 1) sin 2¢ — 2a cos 2¢] f’ 
+ 1) + asin 2¢+ (6 — 1) cos f”, 
2u = 4(1 — b)f — 2(1 + D)f’ sin 2t 
+ [(1 — b) — (1+ B) cos 24) f”, 
2v = 4af + (2a sin 2t — 4 cos 2¢)f’ 
+ (a+ 2 sin 2¢ + a cos 2¢)f”. 


On putting a = 0, b = 1 we get for a solution of Euler’s 
equation 


ds? = du? + dv’ 


a form equivalent to his. 
UNIVERSITY OF WASHINGTON. 


= 
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A PROPERTY OF PERMUTATION GROUPS 
ANALOGOUS TO MULTIPLE 
TRANSITIVITY. 


BY PROFESSOR WALTER B. CARVER AND MRS. ESTELLA FISHER KING. 
(Read before the American Mathematical Society December 31, 1919.) 


TuE binary forms 


+ 21" + Doz" + + Daze” 
are said to be apolar* if 
dobn — + (2) +(— 1)"Gnbo = 0. 


Let us assume that ap + 0 and by + 0; and let the sets of 
roots of the two corresponding non-homogeneous{ equations 


+ + a, = 0 
bez” + + --- +b, =0 


be respectively x1, 22, ---, % and y1, yo, ---, Yn» Then the 
condition for apolarity may be expressed in terms of these 
roots as follows: 


+ (— 1)**()S12,-1 + (— 1)*2, = 0, 


where the S’s and 2’s are the usual symmetric functions of 
the y’s and 2’s respectively. 
If now we write the product of the n differences 


and 


and 


(2) 


— y1)(%2 — — Yn); 


permute the 2’s in all possible ways (keeping the y’s fixed), 
and sum the m! products thus obtained, we get a result which 
is the same as the left-hand member of (2) except for the 


*Cf. Grace and Young, Algebra of Invariants, p. 213; or Dickson, 
Algebraic Invariants, p. 78. 

¢ This change to non-homogeneous form is only for convenience of 
expression, and is not essential to the argument. 
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factor (— 1)"n! Thus, for n = 3, the condition for apolarity 


may be written 


(1 — y1)(t2 — — ys) + (2 — — Yo) (41 — Ys) 
+ (xs — yi)(%1 — — ys) + — — — ys) 
+ (xs — y1)(@2 — — ys) + — yr) (41 — Yo) — Ys) 
= 6x — + + + + Ys) 
+ + + 23)(yoys + + yry2) — = 0. 


But if instead of using all of the six permutations of the 2’s, 
we use only the first three, we obtain exactly the same result 
except for the numerical factor 2; i.e., we may obtain the 
apolarity condition by using only the alternating group of 
permutations of the z’s instead of the entire symmetric group. 
The same is true in the case n = 4. But for n = 5 we find 
that the result may be obtained by using only 10 permutations* 
which do not form a group at all. 

Two questions immediately present themselves; namely, 
(1) what is the smallest set of permutations which will give 
the apolarity condition for a given integer n; and (2) what is 
the smallest group of permutations which may be used for the 
purpose. Our present interest is in a property of permutation 
groups which is suggested when one attempts to answer the 
second question. 

Definition.—A permutation group will be said to be doubly 
pseudo-transitive if, for some one pair of marks 2m2%n, there is, 
for any arbitrarily chosen pair of marks 2;,2;, at least one 
permutation of the group sending the pair 2,2, into the pair 
in some order. 

In ordinary double transitivity there would have to be one 
permutation sending into and into 2;, and another 
sending tm into x; and g, into 2;; while in double pseudo- 
transitivity it is only necessary that there be a permutation 
sending the pair 2%m2, in some order into the pair 2;2;. 

* They are the permutations I, (12345), (12345)?, (12345)%, (12345)4, 
(2453), (4351), (4125), (5231), and (1342); which are 10 of the permutations 
of the group of order 20 on 5 marks. 


t As to the first question, it may be said in passing that the smallest 
number of permutations that can be used must obviously be a common 


multiple of the binomial coefficients for n, and it is pore the least com- 
mon multiple. So far as the authors are aware, the question has never 


been fully answered. ° 
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Definition.—A permutation group on n marks will be said 
to be k-ply pseudo-transitive (where 1 < k 1)* if, 
for some one set of k marks, there is, for any arbitrarily chosen 
set of k marks, at least one permutation of the group sending 
the one set into the other in some order. 

It is evident that there is no difference between simple 
pseudo-transitivity (k = 1) and ordinary simple transitivity; 
and that if a group is k-ply transitive it is also k-ply pseudo- 
transitive, but not conversely. 

THEOREM 1. If a permutation group of degree n is k-ply 
pseudo-transitive, it 13 also (n — k)-ply pseudo-transitive. 

THEOREM 2. An intransitive group can not be pseudo- 
transitive. 


In an intransitive group of degree n it is always possible to 
separate the n marks into two sets such that no mark of either 
set is sent into any mark of the other set by any permutation 
of the group. Then the group could not be k-ply pseudo- 
transitive for k < (n/2). For one could make a selection of 
k marks all from one set, and another selection containing at 
least one mark from the other set, and no permutation of the 
group would send the one selection into the other. But if a 
group can not be k-ply pseudo-transitive for k < (n/2), it 
can not, by Theorem 1, be k-ply pseudo-transitive for any 
value of k. 

It may be noted that ordinary transitivity of multiplicity k 
implies ordinary transitivity of multiplicity 1, 2, ---, k — 1, 
and pseudo-transitivity of multiplicity 1, 2, ---, k, n—k, 
n—k-+41, ---, while pseudo-transitivity of multi- 
plicity k implies only pseudo-transitivity of multiplicity n — k, 
1, n — 1, and ordinary simple transitivity. 

Corotitary. The symmetric and alternating groups on n 
marks are k-ply pseudo-transitive for all values of k from 1 up 
to n — 1.7 

This is an immediate consequence of the fact that these 
groups have ordinary transitivity of multiplicity n and n — 2 
respectively. 

TuEorEM 3. If a permutation group of degree n is k-ply 
pseudo-transitive, its order m is divisible by (;); and any 
arbitrary selection of k marks will be sent into any other 


*It is convenient to exclude the case k = n, as every group would be 
n-ply pseudo-transitive if this were included. 
+ A trivial exception is the alternating group of degree 2. 


i 
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arbitrary selection of k marks by exactly m/(z) permutations 
of the group. a? 

This theorem, as also its proof, is analogous to the similar 
theorem for ordinary transitivity. 

THEOREM 4. An imprimitive group can not be k-ply pseudo- 
transitive for k > 1. 

The proof of this theorem is very similar to that of The- 
orem 2. 

An examination of the primitive groups of degree not greater 
than 9 shows the following six cases of groups having pseudo- 
transitivity of a multiplicity other than that immediately 
implied by their ordinary transitivity: 


Degree Order Transitivity Pseudo-transitivity 


7 ‘21 Simple Double. 
8 56 Double 3-ple 

8 168 “ec 

8 168 

9 504 3-ple 4-ple 

9 1512 oi 


To return to the condition for apolarity, it is evident, from 
theorem 3, that a necessary and sufficient condition that a 
group of permutations on the 2’s should give this apolarity 
condition is that the group should be k-ply pseudo-transitive 
for all values of k from 1 to n—1. Thus the alternating 
group will always serve. The smallest group that will answer 
the purpose for values of n up to 9 is as follows: 


n=23 4 5 6 7 8 9 
order of group = 2 3 12 20 120 2520 20160 504 


The group is smaller than the alternating group in the cases 
n = 5, 6, and 9. 
IrHaca, N. Y. 
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COLLEGE ALGEBRAS. 


College Algebra. By E. B. Skrnner. New York, The Mac- 
millan Company, 1918. vi-+ 263 pp. 

Advanced Algebra. By W. C. Brenxe. New York, The 
Century Company, 1917. vii + 196 pp. 

A First Course in Higher Algebra. By Heten A. MERRILL 
and Ciara E. Smita. New York, The Macmillan Com- 
pany, 1917. xiv + 247 pp. 

RECENT textbooks written for the ordinary algebra course 
in college are apt to be scrutinized with other questions 
in mind beside the usual inquiries as to whether the traditional 
subject matter has been well presented and whether the prob- 
lems have been so wisely selected and graded that they will 
be of actual assistance to the student in mastering the prin- 
ciples involved. For example: 1. Does the content or the 
manner of presentation show any modification due to the 
effects of those attacks upon mathematics as a required study 
which gave such a sharp challenge to the algebra of the high 
schools a few yearsago? 2. Are the subjects which have been 
stressed in this text the topics which are usually selected for 
those “combination courses” in freshman mathematics which 
include algebra? 3. Has the desire of scientists to push back 
the elementary calculus into the earlier years of the college 
course had any effect upon this text? 

In attempting to answer some of these questions regarding 
tLe three texts listed above, it has seemed advisable not to 
try to consider each separately, but rather to compare them. 
They will, of course, have much in common, but they may have 
enough differences to make such a comparison interesting. 
It is worth noting that the writers represent different types of 
institutions situated in different parts of the country. The 
authors of the first two books are professors in state universi- 
ties (Wisconsin and Nebraska), while the authors of the 
third are in a New England college (Wellesley). 


As the preface usually reveals the author’s point of view, 
it may be well to quote here certain selected portions that 
seem to have especial bearing upon the questions in mind. 

Professor Skinner says: “The shortening of the time given 
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to algebra in the secondary school, together with the great 
extension of the elective system and the consequent plaeing 
of mathematics in competition with a score of new subjects, 
has made some modification of the traditional college algebra 
absolutely necessary. The first important change has been 
to put the college algebra upon a more elementary basis. . . . 
The second change is one which the writer believes will in the 
end prove to be of great advantage, not only to algebra, but 
to mathematics in general. The college teacher has been 
obliged to exert every effort to make his work of interest to his 
students. To this end the subject has been made more con- 
crete, applications to the affairs of everyday life have been 
emphasized, processes have been made more direct, and the 
road to the mathematics of the sophomore year has been 
shortened. . . . I have tried to emphasize the immediately 
practical side of algebra by drawing freely upon geometry, 
physics, the theory of investment, and other branches of 
pure and applied science for illustrative examples. An amount 
of space greater than usual has been devoted to the study of the 
functions which occur most frequently in practical work. . . . 
I have not hesitated to omit a number of topics that are 
ordinarily included in textbooks on college algebra.” . . 

Professor Brenke says: . . . “The first chapter and portions 
of the next three chapters are reviews of elementary algebra 
and are intended to make a close connection with the work of 
the high school. The preparation of the students in the 
average freshman class varies so greatly that such reviews 
are almost indispensable to establish a common basis for 
further progress. Graphic methods are introduced early and 
freely used. This is done both for the immediate utility of 
these methods and to serve as an introduction to Analytical 
Geometry. Numerous simple applications are contained in 
the exercises and problems, which will serve to establish 
some connection between theory and practice. Logarithms 
are introduced in Chapter III, so as to make this method of 
computation available, early in the course, for the numerical 
valuation of unknowns from given data.” . . . 

Professors Merrill and Smith say: “This book is an out- 
growth of the conviction of the authors that Higher Algebra, 
to be worthy of the name, must employ advanced methods, 
and that the method which chiefly marks advanced work in 
analysis is that of limits. In all but a few chapters the work 
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is based upon limits, the proofs being made as rigorous as 
seems advisable for immature students. .. . The ordinary 
Algebra course in college covers a semester’s work—about 
forty-five class appointments. It has been found by actual 
use that in this time Chapters III, IV, V, VI, VII, XII can be 
covered, while Chapter X has been taught in connection with 
a course in Trigonometry.” [The titles of these chapters are 
Determinants, Variables and their Limits, Differentiation of 
Algebraic Functions, Convergency of Series, Development of 
Functions in Series, Theory of Equations, and Logarithms 
(X).] “The chapters on Rational and Irrational Numbers 
[I and IX] are intended for reference rather than for detailed 
study, while the chapters on Permutations, Combinations and 
Probability [II], Partial Fractions [VIII], Complex Numbers 
[XI], and Integration [XIII] may be substituted for other 
chapters as subjects of study, or serve for reference in later 
work. No mathematica] knowledge is presupposed beyond 
the usual course in Elementary Algebra, except that a knowl- 
edge of the meaning of the trigonometric tangent is assumed 
in § 105 [Chapter V] while in Chapter XI” .. . “The text 
has as its main ends to broaden the students’ thought by 
introducing them as early as possible to some of the most 
beautiful and most fruitful methods in analysis, with a few 
of their results; to give an acquaintance with the simplest 
notions of the Calculus, . . .; and to open up to students 
some vision of the possibilities of later work along lines here 
treated only briefly. The students who are interested to do 
more than the assigned work have been kept constantly in 
mind.” 

In comparing these texts it may be wise to focus the atten- 
tion upon three important subjects; logarithms, functions, and 
graphical representation, which would certainly be included 
in a “combination course” in freshman mathematics. 

The space devoted to logarithms varies from twelve pages 
(Brenke) to twenty-six (Merrill and Smith). Professor Brenke 
adds a four-place table of logarithms of numbers and Professor 
Skinner has this and five other tables at the end of his book 
(powers and roots, important constants, compound interest 
and compound discount tables, and American experience table 
of mortality). The relative position of the first presentation of 
the subject is more significant than the number of pages. In 
the first book it is the fourth of eighteen chapters, being pre- 
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ceded by introduction, algebraic identities, and powers and 
roots. In the second text the third of thirteen chapters 4s on 
logarithms and the binomial theorem, the first two being 
on a review of the four fundamental operations and on theory 
of exponents and surds and imaginaries. Both these texts 
return to the subject of logarithms later. The position which 
the chapter on logarithms occupies in the third text has 
already been noted. In the first two texts, where the aim is 
to give the student an early introduction to the use of loga- 
rithms in numerical calculations, the first presentation contains 
the usual subject matter on common logarithms with sets of 
exercises including not only the purely arithmetic variety 
but also applied problems from geometry, physics, and com- 
pound interest. The first text adds two pages, with diagrams, 
on the logarithmic scale and the slide rule. In Chapter XIV 
(Progressions and Compound Interest) in the section on the 
compound interest law, the student is introduced to e. The 
last two sections of the last chapter (infinite series) are on 
the logarithmic series and series as a means of computation. 
In the second text natural logarithms are mentioned in a note 
to a problem at the end of Chapter VIII (infinite series) and 
in the next chapter (computations, approximations, differences 
and interpolation) there are sections on the computation of 
natural logarithms and common logarithms. 

In the third text the chapter on logarithms opens with a 
long quotation from Napier’s preface to his Descriptio, which 
will be much appreciated by students,—especially his reference 
to the “many slippery errors.” It might be noted in passing 
that there is an appropriate quotation at the head of every 
chapter in this book. The treatment of logarithms in this 
text stands out in strong contrast to the method of the other 
two. After giving the definitions and the simple theorems, 
the authors say: “These theorems show that if the logarithms 
of all numbers to some base can be found, arithmetical pro- 
cesses can be greatly shortened.” Then, after discussing the 
use of logarithms in solving exponential equations and adding 
historical notes on Napier and Briggs, they say, “The following 
sections give a method of computing the logarithms of numbers 
to any desired base.” (It must be recalled that limits, deriva- 
tive of an algebraic function, and series have been studied 
before this chapter.) Fifteen pages later the student is told. 
‘The results obtained by these and other methods of com- 
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puting logarithms are arranged in various forms, . . . modern 
tables are extremely easy to use after a little practice. As 
full instructions for using the tables are ordinarily included 
in each book, only a few general principles are given here.” 
Two pages later there is a list of eleven exercises. This book 
does not contain a table of logarithms of numbers. 

The place which graphic methods occupy in Professor 
Brenke’s book is well stated in his preface. In Chapter IV 
(Linear Equations) after the algebraic solution of an equation 
in one unknown, the author discusses coordinates, the graph 
of the “expression” 2x — 1 and the theorem “The graph of 
the equation y = az + b is astraight line.” Throughout this 
chapter and the next, the author uses this plan of following 
the algebraic solution by the graphic. In Chapter V under 
“the graphic solution of two simultaneous equations in two 
variables, the one linear, the other quadratic,” the student is 
given the standard equation of the circle, ellipse, parabola, and 
hyperbola and the equation of the rectangular hyperbola and 
the general equation of the second degree. He meets the 
terms asymptotes and conic section. It is not until the next 
chapter (Ratio, Proportion, Variation) that the term function 
is defined. According to the index, this is the only time that 
the term is used in the text. (In passing, it might be noted 
that the third book contains no index and that the first has 
a good one, and that the brief index in this text is quite lacking 
in one place at least, for it does not contain the word graph 
(or graphical), although the subject of graphs is so much 
stressed.) 

In the first text the chapter that follows the one on loga- 
rithms is entitled “Functions of a Variable — Graphical Rep- 
resentation.” On the first page, after a careful explanation of 
the term function, there is the statement, “The notion of a 
function is one of the most important ideas with which mathe- 
matics has to do.” After giving many varied illustrations, the 
author explains coordinates and the graph of a function and 
then deals with the linear integral function (and its graph), 
uniform motion, rational integral quadratic function, maxi- 
mum and minimum values of quadratic functions, the power 
function, variation, discontinuous functions, statistical graphs, 
interpolation of values of functions, zeros and infinities of a 
function and implicit functions. The greater part of the 
next chapter (Quadratic Equations with One Unknown) is 
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devoted to the algebraic solution and the relation between 
roots and coefficients. But in the section on “geometric 
interpretation,” its relation to the quadratic function of the 
last chapter is brought out. In Chapters VII, VIII, IX, 
and XI (systems of linear equations, and systems containing 
non-linear equations, inequalities, polynomials, and equations 
of any degree) the notion of a function is never lost sight of. 
It is to be noted that graphs are employed as needed in all 
these chapters, while in Chapter VIII the standard forms for 
the different species of conics are given. 

In the third text the three and a half page introduction 
which is inserted between the preface and the first chapter 
gives information regarding the authors’ attitude toward the 
place of graphical representation in their text. The intro- 
duction opens with the statement: “The following topics 
from elementary algebra are inserted for reference.” [1. 
Graphical representation, (two pages, including the graph of 
y = x2? — 4x+ 3). 2. Roots of quadratic equations. 3. Bi- 
nomial theorem. 4 and 5. Formulas for arithmetic and 
geometric progressions.] Assuming that graphical representa- 
tion is a subject with which the student is already sufficiently 
familiar, it is employed in the text wherever it is deemed useful. 
This book resembles the first in giving a central position to the 
notion of the function. But the methods of presentation in 
the two books are quite different. According to the selection 
of material suggested in the preface, Professors Merrill and 
Smith begin with determinants and then, turning to variables 
and their limits, introduce the function on the second page 
of the new chapter and proceed to a discussion of algebraic 
functions, limits and infinitesimals (including theorems on 
limits), infinity, and continuity of functions. In the next 
chapter (twenty-six pages) the student is led up to thé idea 
of the derivative and learns of theorems on derivatives and 
studies successive differentiation, geometric interpretation of 
the derivative, applications, and maximum and minimum 
values. 

It is natural at this point to inquire whether either of the 
other texts goes into the question of derivatives. In the index 
of the second book the word derivative does not occur and 
the word limit appears but once,—the limit of a variable is 
defined in the chapter on infinite series. In the first text the 
word limit is used for the first time in connection with infinite 
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geometric progressions (Chapter XIV). In Chapter XVII 
(Sequences and Limits), limits of variables are defined and 
discussed. This fourteen page chapter contains also explana- 
tions of the derivative of a power function, of the geometric 
interpretation of the derivative, and of maxima and minima. 

A more detailed study of these texts will, of course, reveal 
other interesting material, and it will deepen the reader’s 
conviction that the second book follows the traditional lines 
more closely and that, while the authors of the first and third 
texts differ radically from one another in their aims, each has 
succeeded in presenting an attractive book that has a distinct 
place. 

E. B. Cow 


NOTES. 


THE twenty-seventh summer meeting and ninth colloquium 
of the American Mathematical Society will be held at the 
University of Chicago, extending through the week September 
6-11. The regular sessions of the Society and also those of 
the Mathematical Association of America will occupy the 
first days of the week, without conflict of hours. The joint 
dinner will be held on Tuesday evening. The Colloquium 
will open on Wednesday and extend to Saturday noon. It 
will consist of two courses of five lectures each by Professors 
G. D. Birxuorr, of Harvard University, and F. R. Mouton, 
of the University of Chicago. Titles and principal topics of 
the lectures follow: 


Professor BirKHoFF: “Dynamical systems.” The last 
forty years have witnessed fundamental advances in the 
theory of dynamical systems, achieved by Hill, Poincaré, 
Levi-Civita, Sundman, and others. The lectures will ex- 
pound the general principles underlying these advances, and 
will point out their application to the problem of three bodies 
as well as their significance for general scientific thought. 
The following topics will be treated: 

Physical, formal, and computational aspects of dynamical 
systems. Types of motions such as periodic and recurrent 
motions, and motions asymptotic to them. Interrelation of 
types of motion with particular reference to integrability and 
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stability. The problem of three bodies and its extension. 
The significance of dynamical systems for general scientific 
thought. 


Professor Moutton: “Certain topics in functions of in- 
finitely many variables.” I. On the definition and some gen- 
eral properties of functions of infinitely many variables. 
II. On infinite systems of linear equations. III. Infinite 
systems of implicit functions. IV. Infinite systems of dif- 
ferential equations. V. Applications to physical problems. 


Ir is announced that an international congress of mathe- 
maticians from the Entente and approved neutral countries 
will be held at Strasbourg, opening on September 22, 1920. 
The congress will divide into the usual four sections, with 
convenient subdivisions. A detailed programme, with infor- 
mation regarding transportation, hotels, receptions and ex- 
cursions will be issued later. The membership fee is sixty 
francs, payable to M. Valiron, treasurer of the congress, 
52 Allée de la Robertsau, Strasbourg. Each member will 
receive a copy of the published proceedings of the congress, 
which will contain at least a summary of papers and trans- 
actions. A member can obtain additional cards for his 
family at thirty francs each. 

Information regarding the congress can be obtained from 
Professor G. KoEnts, general secretary of the French national 
committee of mathematicians, 96 Boulevard Raspail, Paris. 
Titles of papers intended for presentation at the congress 
should be in Professor Koenigs’ hands by July 1. 


THE opening (January) number of volume 42 of the Ameri- 
can Journal of Mathematics appears in a new dress. Syl- 
vester’s quarto page, luxurious margins, and large type are 
now a memory of the past. The number contains the fol- 
lowing papers: “Groups of order 2” which contain a rela- 
tively large number of operators of order two,” by G. A. 
Mititer; “The Green’s function for a plane contour,” by 
H. D. Frary; “On the solution of certain types of linear 
differential equations in infinitely many variables,” by W. G. 
Smion; “Periodic orbits on a surface of revolution,” by 
DanteEL BUCHANAN. 


At the meeting of the London mathematical society on 
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January 15, the following papers were read: By P. A. Mac- 
Manon, “The divisors of numbers”; by H. STernHaus, 
“Fourier coefficients of bounded functions”; by S. P. Owen, 
“The lag of a thermometer in a medium whose temperature 
is a linear function of the time.” 

At the meeting of February 13, papers were read by G. S. 
LeBeau, “A property of polynomials whose roots are real”’; 
by the late E. K. Waxerorp, “Canonical forms”; by E. 
Lanpav and A. Ostrowski, “A problem of Diophantine 
analysis”; by G. H. Harpy and J. E. Lrrrtewoop, “The 
zeros of Riemann’s zeta function.” 


At the meeting of the Edinburgh mathematical society on 
February 13, the following papers were read: By T. M. 
MacRosert, “On the modified Bessel function K,(z)”; by 
E. M. Horssureu, “A radial transparent scale for use with 
an abacus”; by W. A. Barciay, “ Nomograms for financial 
formulae.” 

At the meeting of March 12, papers were read by C. TWEE- 
DIE, “ The life of James Stirling, the Jacobite mathematician, 
with exhibition of autograph letters by N. Bernoulli, Clairaut, 
Cramer, Euler, Maclaurin, and Stirling”; by J. MrrcHe tt, 
“On the arrangement of the signs of the terms in a certain 
double series given by Arndt.” 


Tue following university courses in mathematics are 
announced for the summer session: 


University oF Cuicaco (first term, June 1 to July 28; 
second term, July 29 to September 3). By Professor E. H. 
Moore: Hermitian matrices of positive type in general 
analysis, four hours; Limits and series, four hours, first term 
only.—By Professor G. A. Buiss: Functions of a complex 
variable, four hours.—By Professor L. E. Dickson: Theory of 
matrices and bilinear quadratic forms, four hours; Theory of 
numbers, four hours.—By Professor M. W. Haske: Pro- 
jective geometry, four hours; Topics in analytic geometry, 
five hours.—By Professor J. W. A. Youne: Theory of equa- 
tions, four hours.—By Professor E. W. CuirrENDEN: Dif- 
ferential equations, four hours.—by Professor W. D. Mac- 
Mittan: Celestial mechanics II, four hours. 


TueE Society of sciences of Géttingen announces the fol- 
lowing prize problem for the year 1921: Riemann conjectured 
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that all the non-negative zeros of the zeta function have their 
real part equal to one half; a proof or disproof of this 4s de- 
sired, or other important discoveries with regard to the loca- 
tion of the roots of the Riemann zeta function or related 
functions. . Competing memoirs should be sent to the Society 
before August 1, 1921. The prize is 1000 marks. 


TueE Prince Jablonowski Society of Leipzig announces as 
the subject of its prize memoir for 1921 a certain type of 
generalization of the addition theorem for elliptic functions. 
Further information can be obtained from the Society, to 
which competing memoirs should be sent before October 31, 
1921. The prize is 1500 marks. 


THE prize of the Peter Wilhelm Miiller Foundation, which 
is awarded every three years for achievement in some one of 
the arts or sciences, was assigned to mathematics in 1918, 
and was divided between D. HILBERT, for his entire mathe- 
matical work, and A. Ernstern, for his work in mechanics, 
especially in relativity and gravitation theory. 


Proressors O. Perron, of the University of Heidelberg, 
and I. Scnur, of the University of Berlin, and Dr. H. WIELEIT- 
NER have been elected members of the K. Leopoldinisch- 
Carolinischen Deutschen Akademie der Naturforscher in Halle. 


Proressors L. PocnHamMMeEr, of the University of Kiel, 
and A. WANGERIN, of the University of Halle, have retired 
from active teaching. 


A JOINT committee has been appointed by Cambridge Uni- 
versity and the Royal Society of London for the purpose of 
taking steps to secure an appropriate memorial to the late 
Lord RayLEIcuH. 


Mr. W. J. Harrrison has been appointed university lec- 
turer in mathematics at Cambridge University. 


ProFressor JACQUES HADAMARD delivered a series of three 
lectures on “The first years of the work of Poincaré” at the 
Rice Institute in March. 


— 
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Tue French government has conferred the decoration 
“Officier de l’instruction publique” upon Professor E. B. 
Van VLECK, of the University of Wisconsin, in recognition of 
his services as teacher and investigator and for his work 
during the war. 


PRoFEssOR ALFRED BAKER, of the department of mathe- 
matics of the University of Toronto, has retired, after forty- 
four years of service. Professor A. T. DeLury succeeds him as 
head of the department. Mr. I. R. Pounper has been pro- 
moted to an assistant professorship of mathematics. 


Proressor W. W. Lanpis, of Dickinson College, has re- 
turned to his academic work with the honorary rank of major 
in the Italian army, conferred on him in recognition of his 
work as a Y. M. C. A. secretary in Italy during the war. 


At Cornell University, Professor Jamzes McManon has 
been granted leave of absence for the year 1920-1921, Pro- 
fessor ARTHUR Ranvum for the first term, and Professor F. R. 
SHarPE for the second term. Mr. D. S. Morssg, of Union 
College, Professor W. L. G. Wrii1aMs, of William and Mary 
College, and Mr. H. Porrrzxy have been appointed instruc- 
tors in mathematics. 


Proressor J. L. Jones, of Syracuse University, has been 
appointed head of the department of mathematics at Akron 
University. 


At the College of the City of New York, Mr. J. A. BREwsTER 
has been promoted to an assistant professorship of mathe- 
matics, and Mr. W. A. WuyTE to an instructorship in mathe- 
matics. 


At the University of Maine, Mr. A. S. Pratt, of Brown 
University, has been appointed instructor in mathematics, 
and Mr. J. P. BALLANTINE, of Harvard University, instructor 
in mathematics and physics. 


Mr. Y. H. Ho, fellow in mathematics at Cornell University, 
died February 22, 1920, at the age of twenty-seven years.. 
He was elected to membership in the American Mathematical 
Society in 1919. 


A 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


ALBANESE (G.). Sopra alcune questioni di geometria algebrica. Pisa, 
tip. succ. fratelli Nistri, 1919. S8vo. 29 pp. 


BacuMann (P.). Das Fermatproblem in seiner bisherigen Entwicklung. 
Berlin und Leipzig, Vereinigung wissenschaftlicher Verleger Bye 
de Gruyter), 1919. 8 + 160 pp. 2.00 


Bresticu (E.R. ). Correlated mathematics for junior colleges. 
University of Chicago Press, 1919. 13 + 301 pp. $1.25 


Brocarp (H.). et Lemoyne (T.). Courbes géométriques remarquables 
planes et peaches (courbes spéciales). Volumel. Paris, ae 1919. 
8vo. 8 + 451 pp. Fr. 18.00 


Browne (R.T.). The mystery ofspace. A study of the hyperspace move- 
ment in the light of evolution of new psychic faculties and an enquiry 
into the genesis and essential nature of space. New York, Dutton, 
1919. S8vo. 17 + 395 pp. $4. 


Buraul-Fortt (C.). Logica matematica. 2a edizione, intieramente 
(Manuali Hoepli.) Milano, Hoepli, 1919. 16mo. 
483 pp. 


CarvatHo (A.S.C.G. pe). A teoria das tangentes antes = 
— Pepa (Diss.) Coimbra, Imprensa da Universidade, 
pp. 


Conen-Kysper (A.). Riickliufige Differenzierung und Entwicklung. 
Leipzig, Barth, 1919. M. 3.00 


Crantz (P.). Analytische Geometrie der Ebene zum Selbstunterricht. 
2te Auflage. Leipzig, Teubner, 1919. 


Davison (C.). The elements of analytical conics. London, a 
University Press, 1920. 7 + 238 pp. 


Gérarp (A. E.). See Toomson (S. P.). 
Lemoyne (T.). See Brocarp (H.). 


Lérrizr (E.). Ziffern und Ziffernsysteme. 2ter Teil: Die Zahlzeichen 
im Mittelalter und in der Neuzeit. Leipzig, Teubner, 1919. 16mo. 
59 pp. Cartoniert. 


Mantz (O.). Zur Basisbestimmung der Napierschen und Biirgischen 
Logarithmen. Basel, Kreis, 1919. 8vo. 49 pp. 


Mayo (C.H.P). Elementary calculus with answers. London, Rivinghon, 
1919. 20 + 345 + 39 pp. 


Smuperstern (L.). Elements of vector algebra. London, a 
1919. 7 + 42 pp. 5s. 


Txomson (S. P.). Le calcul intégral * — & la portée de tout le 


monde. Traduit de l’anglais par A. E. Gérard. Paris, Dunod et 
Pinat, 1919. 12mo. 8 + 290 pp. Fr. 12.00 
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II. ELEMENTARY MATHEMATICS. 


AversacH (M.) and (C. B.). Plane geometry. (Lippincott’s 
ee Text Series.) Philadelphia, Lippincott, 1920. 8vo. 4 + 
pp. 1.32 


Barri (C.). Elementi di algebra, ad uso della prima classe normale, colla 
teoria della radice quadrata e cubica. 1a ristampa della 2a edizione 
riveduta ed ampliata. (Biblioteca di Scienze fisiche, matematiche e 
naturali: Collezione Paravia.) Torino, ditta G. B B. Paravia (Milano, 
stamp. Lombarda, di L. Mondaini), 1919. 8vo. 7 the 192 pp. L.4.50 


——. Elementi di aritmetica razionale, ad uso della seconda classe nor- 
male. Ristampa della 2a edizione riveduta. (Biblioteca di Scienze 
fisiche, matematiche e naturali: Collezione Paravia.) Torino, ditta 
G. B. Paravia (Milano, stamp. Leanees, di L. a 1919. 
8vo. 8 + 187 pp. 5.00 

Baron! (E.) e Fontesasso (P. A. ). per il ginnasio e 
scuole complementari. Milano-Roma-Napoli, soc. ed. Dante Alighieri, 
di Albrighi, Segati e C. (Citta di Castello, B. Lapi), 1919. 8vo. 7 A 
179 pp. L. 2. 

Bortototti (E.). Nozioni di geometria per le scuole tecniche: Sr 
agli ~ di 7a edizione riveduta. Milano-Roma-Napoli, 
soc. ed. Dante Alighieri, di Albrighi, Segati e C. Cae, Cae 
S. Lapi), 1919. 8vo. 282 pp. 4.00 


CRACKNELL (A. G.). See Workman (W. P.). 


Drxitpominus (C.). Teoria grafica dimostrativa sulla trisezione degli 
piani. Palermo, tip. fratelli Vena, 1919. 8vo. 27 pp. +4 
tavole. 


Fontesasso (P. A.). See Baront (E.). 


Gray (J. C.). Number by development. Parts 1 and 2. Philadelphia, 
Lippincott, 1919. 12 + 486 + 20 + 514 pp. 


Harane (F.). Eléments de trigonométrie suivis d’une instruction sur la 
régle 4 calcul. Paris, Dunod et Pinat, 1919. S8vo. 6 + 138 PP. aes 


Wats (C. B.). See Aversacs (M.). 


Workman (W. P.) and (A.G.). The > matri- 
culation edition. London, Clive, 1919. 11 + 348 4s. 6d. 


Ill. APPLIED MATHEMATICS. 
AncLes (J. W.). Mensuration for marine and mechanical engineers. 
London, Longmans, 1919. 27 + 162 pp. 5s. 
ARCHIMEDES. See CHRISTENSEN (S. A.). 


Barravup (A.). Tables pour le calcul et le tracé des courbes. Ry 
Béranger, 1919. 135 pp. Cartonné. 8.40 
(L.). Précis d’électricité théorique. Paris, Gauthier Vilar, 
1919. 8vo. 6+ 476 pp. 
Borcuarpt (W.G.). School mechanics. Part 1: School statics. 
Rivington, 1919. 6s. 
Bouruition (L.). La théorie et la pratique des radiocommunications. 
I: Introduction 4 ’étude des radiocommunications. Paris, nag 
1919. 8vo. 195 pp. 20.00 
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Brown (H. T.). Cinq cent sept mouvements mécaniques. Traduit de 
Vanglais par H. Stévart. Nouveau tirage. ty Gauthier-Villars, 
1919. Fr. 3.60 

CurIsTENSEN (S. A.). Archimedes Sandregning Aristarchos fra 
Samos. “Solens og Maanens Storrelse og on 2’ Nykjgbing 

tredralskoles Aarsprogram, 1919. 

Eccuzs (J. R.). Advanced lecture notes on light. Cambridge, University 
Press, 1919. 141 pp. 

Gumuicu (E.). Leitfaden der magnetischen Messungen mit besonderer 
Beriicksichtigung der in der Physikalisch-Technischen Reichsanstalt 
verwendeten Methoden und Apparate nebst einer Uebersicht iiber die 
magnetischen Eigenschaften ferromagnetischer Stoffe. Braunschweig, 
Vieweg, 1918. 8vo. 8 + 228 pp. 

Hartey pr San Groroio (O.). Formulario dell’ingegnere. (Collezione 
Lattes.) Torino, S. Lattes (V. Bona), 1919. 16mo. 174pp. L. 6.50 


Jupee (A. W.). The design of aeroplanes. London, Macmillan, 1919. 
8vo. 10 + 242 pp. 10s. 6d. 

Linotre (M.). See Martin (J.). 

Lorta (G.). See Torricexu (E.) 

Martin (J.) et Livotrre (M.). Dessin industriel. Cours pratique de 
projections. Paris, Dunod et Pinat,1919. 4to. 72pp. Fr. 14.00 


Rorue (R.). Darstellende Geometrie des Gelindes. 2te verbesserte 
Aufiage. (Mathematische-physikalische Bibliothek, Nr 35-36.) 
Leipzig, Teubner, 1919. 92 pp. 


Runee (C.). Graphische Methoden. 2te Auflage. Leipzig, Teubner, 
1919. 130 pp. 


Ruror (A.). La conception nouvelle de l’univers d’aprés les données de 
la science moderne. Bruxelles, Hayez, 1919. 18mo. 96 pp. 

Scumip (T.). DarstellendeGeometrie. liter Band. 2te Auflage. (Samm- 
lung Schubert, Nr. 65.) Berlin und Leipzig, Vereinigung wissenschaft- 
licher Verleger (Walter de Gruyter), 1919. 278 pp. M. 15.40 

Srévart (H.). See Brown (H. T.). 

Torricettt (E.). Opere. Edited by G. Loria and G. Vassura. 3 
volumes. Faenza,G. Mortanari,1919. Volume 1, part 1,38 + 407 pp.; 
volume 1, part 2, 482 pp.; volume 2, 320 pp.; volume 3,521 pp. L. 60.00 


Vassura (G.). See Torriceti (E.). 


: 
| 


